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We study the quantum diffusion in quasiperiodic tight-binding models in one, two, and three
dimensions. First, we investigate a class of one-dimensional quasiperiodic chains, in which the
atoms are coupled by weak and strong bonds aligned according to the metallic-mean sequences.
The associated generalized labyrinth tilings in d dimensions are then constructed from the direct
product of d such chains, which allows us to consider rather large systems numerically. The electronic
transport is studied by computing the scaling behavior of the mean square displacement of the wave
packets with respect to time. The results reveal the occurrence of anomalous diffusion in these
systems. By extending a renormalization group approach, originally proposed for the golden-mean
chain, we show also for the silver-mean chain as well as for the higher-dimensional labyrinth tilings
that in the regime of strong quasiperiodic modulation the wave-packet dynamics are governed by
the underlying quasiperiodic structure.
PACS numbers: 71.23.Ft, 71.15.-m, 72.15.-v
I. INTRODUCTION
Understanding the relations between the atomic struc-
ture and the physical properties of materials remains one
of the elementary questions of condensed-matter physics.
One research line in this quest started with the discov-
ery of quasicrystals by Shechtman et al. in 1982.1 It
soon became clear that quasicrystals with their 5-, 8-,
10- or 12-fold rotational symmetries, forbidden according
to classical crystallography, can be described in terms of
mathematical models of aperiodic tilings of a plane pro-
posed by Penrose and Ammann in the 1970s.2,3 Further,
quasicrystals are often regarded to have a degree of order
intermediate between crystals and disordered systems,
which can be understood by considering the repetitive-
ness of local patterns. While any local pattern in crystals
repeats for integer combinations of the lattice vectors,
Conway’s theorem states that in a quasicrystal a given
local pattern in a region of some diameter L will be re-
peated within a distance of two diameters 2L.4 In liquids
or amorphous systems the distance of identical local pat-
terns of size L grows exponentially with L. Moreover,
the deterministic construction rules of the quasicrystal
models can also be interpreted as some kind of order in
contrast to the situation in disordered systems. On the
other hand, translational symmetry is missing in contrast
to crystals.
Various experimental investigations revealed rather ex-
otic electrical, magnetic, and optical properties of these
materials.5,6 As many quasicrystals contain a high per-
centage of well-conducting elements, it was originally as-
sumed that their thermal and electrical transport prop-
erties were similar to those in crystalline or amorphous
metals.5 However, it turned out that they rather behave
like semiconducting or insulating materials because they
often possess a large resistivity for small temperatures
and the resistivity decreases with increasing temperature
and increasing structural order of the materials.6–9
This motivated extensive research to get a better theo-
retical understanding of the structure and physical prop-
erties of quasicrystals. Today several exact results are
known for one-dimensional quasiperiodic systems.10–12
However, the properties in two or three dimensions have
been clarified to much lesser degree and are mainly based
on numerical studies for limited systems with a few thou-
sands sites due to the missing translational symmetry of
quasicrystals. For instance, the electronic properties were
determined numerically for the Penrose tiling, the oc-
tagonal tiling, and the Ammann-Kramer-Neri tiling.13,14
However, this makes it difficult to understand the nature
of eigenstates and properties of macroscopic systems. To
address this challenge, different approaches have been fol-
lowed. For example, by expanding the time-evolution op-
erator in Chebyshev polynomials the spreading of energy-
filtered wave packets was studied for generalized Rauzy
tilings with up to 106 sites.15,16 However, this approach
only works for systems with a rather smooth local density
of states. Further, it is possible to calculate some exact
eigenstates of the tight-binding Hamiltonian on the Pen-
rose tiling.17,18
We follow another approach by studying the wave-
packet dynamics for d-dimensional quasicrystalline mod-
els with a separable Hamiltonian in a tight-binding
approach.19 This method is based on mathematical se-
quences, constructed by an inflation rule P describing
the weak and strong couplings of atoms in a quasiperi-
odic chain. The higher-dimensional labyrinth tilings are
then constructed as a direct product of these chains and
their eigenstates are directly calculated by multiplying
the energies or wave functions of these chains. This al-
lows us to study very large systems in higher dimensions
with up to 1010 sites based on the solutions in one di-
mension. However, the property of separability comes at
the price that the labyrinth tilings do not possess a non-
crystallographic rotational symmetry. Nevertheless, the
labyrinth tiling is able to describe a subset of points of
2the octagonal quasicrystal associated to the structure of
actual quasicrystals with 8-fold rotational symmetry.19,20
In this paper we relate the hierarchical properties of
these quasiperiodic systems to their electronic transport
properties by numerical calculations and a renormal-
ization group (RG) approach in the regime of strong
quasiperiodic modulation of the bond strength. Up
to now this method has only been used to describe
the quantum diffusion for the one-dimensional Fibonacci
chain,21–23 whereas in this paper we will also study the
wave-packet dynamics for the silver-mean chain and the
generalized labyrinth tilings.
The upcoming sections are structured as follows:
In Sec. II we introduce the metallic-mean chains and
describe the construction of the higher-dimensional
labyrinth tilings. In Sec. III we then present numerical
results for wave-packet dynamics in these quasiperiodic
tilings. Using an RG approach and perturbation theory
we derive also analytical results for the scaling behavior
of the width of the wave packet in Secs. IV to VI, which
show a good agreement with the numerical results in the
regime of strong quasiperiodic modulation. The results
are briefly summarized in Sec. VII.
II. GENERALIZED LABYRINTH TILINGS
The construction of the d-dimensional generalized
labyrinth tilings is based on d so-called metallic-mean
quasiperiodic sequences, which for a parameter b are de-
fined by the inflation rule24
Pb =
{
s −→ w
w −→ wswb−1 . (1)
Starting with the symbol s we obtain after a iterations
the ath order approximant Ca of the quasiperiodic chain.
The length fa of an approximant Ca is given by the recur-
sive rule fa = bfa−1+fa−2 with f0 = f1 = 1. Further, the
ratio of the lengths of two successive iterants as well as
the ratio of the numbers # of occurrence of the symbols
w and s in an approximant approach different metallic
means for a → ∞.25 Thus, depending on the parameter
b we obtain with the continued fraction representation
τb = [b¯] = [b, b, b, ...] the relations
lim
a→∞
fa
fa−1
= lim
a→∞
#w (Ca)
#s (Ca) = τb . (2)
In this paper we only consider the cases b = 1 and b = 2.
Thereby, the first case corresponds to the well known
Fibonacci sequence with the golden mean τAu = [1¯] =
(1+
√
5)/2, which is related to real quasicrystals with 5-
and 10-fold symmetry,26 and the latter case results in the
octonacci sequence with silver mean τAg = [2¯] = 1 +
√
2,
which is related to octagonal quasicrystals.20
Our model describes an electron hopping from one ver-
tex of a quasiperiodic chain to a neighboring one. The
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FIG. 1. Golden-mean labyrinth tiling LAu5 constructed from
two golden-mean chains CAu5 , which are perpendicular to
each other. The bond strengths of the labyrinth tiling equal
the product of the associated bond strengths of the one-
dimensional chains as denoted for the three different bond
types in the left lower corner.
aperiodicity is given by the underlying quasiperiodic se-
quence of couplings, where the symbols w and s denote
the weak and strong bonds in the chain. Solving the
corresponding time-independent Schro¨dinger equation
H |Ψi〉 = Ei |Ψi〉 ⇔ tl−1,lΨil−1 + tl,l+1Ψil+1 = EiΨil (3)
for the quasiperiodic systems with zero on-site potentials,
we obtain discrete energy values Ei and wave functions
|Ψi〉 = ∑fa+1l=1 Ψil |l〉 represented in the orthogonal basis
states |l〉 associated to a vertex l. The hopping strength t
in the Schro¨dinger equation is given by the quasiperiodic
sequence Ca with ts = s for a strong bond and tw = w for
a weak bond (0 < w ≤ s).13,27 Applying free boundary
conditions the number of vertices is Na = fa + 1.
The results show that the eigenvalues are symmetric
with respect to 0. Thus, for even system sizes Na all
energies E have a symmetric counterpart −E, but for
odd Na there is one state E = 0, which has no corre-
sponding state. Additionally, the eigenfunctions possess
a symmetry:27 The eigenstate Ψ with the eigenvalue E
and the eigenstate Ψ˜ with the respective eigenvalue −E
only differ by an alternating sign depending on the ver-
tex l according to Ψ˜l = (−1)lΨl. Further, for odd Na the
eigenvector Ψl associated to the eigenvalue E = 0 has a
special structure, i.e., Ψl vanishes on all even sites l.
27
In a next step the generalized labyrinth tilings Ldda in
d dimensions are constructed from the Euclidian product
Ca×Ca× . . .×Ca of d quasiperiodic chains Ca.19,28 From
a geometrical point of view these chains are perpendicu-
lar to each other and the diagonals of the resulting grid
correspond to the bonds of the labyrinth tiling as shown
in Fig. 1. Due to this product approach also the bond
strengths of the labyrinth tiling equal the products of
3the corresponding bond strengths of the one-dimensional
chains as visualized in Fig. 1. Hence, in d dimension d+1
different couplings occur. Note that the grid decomposes
into 2d−1 separate grids depending on the starting point.
Each of these grids corresponds to a finite ath order ap-
proximant La of the generalized labyrinth tiling L.20,27
The Hamiltonian of the higher-dimensional generalized
labyrinth tiling is separable. Thus, the eigenstates of the
labyrinth in d dimensions can be constructed from the
product of the eigenstates of d one-dimensional chains:27
Es = Eij...k = E1iE2j . . . Edk (4a)
Φs
r
= Φij...klm...n ∝ Ψ1il Ψ2jm . . .Ψdln . (4b)
The superscripts s = (i, j, . . . , k) enumerate the eigen-
values E and r = (l,m, . . . , n) represent the coordi-
nates of the vertices in the quasiperiodic tiling. Due to
the symmetries of the eigenstates of the one-dimensional
chains mentioned above, some of the wave functions Φs
r
and related eigenvalues Es are identical and we have to
choose a subset which only includes distinct eigenstates.
The construction of such a subset is described in detail
elsewhere.27,29
III. MEAN-SQUARE DISPLACEMENT OF A
WAVE PACKET
As outlined in the introduction, the connection of the
transport properties and the quasiperiodic structure of a
system is not yet fully understood, and thus the investiga-
tion of transport properties of these materials continues
to be of special interest. In this section, we study the
wave-packet dynamics in the metallic-mean systems, in
particular in the limit of weak coupling (w ≪ s). The
results are then related to the structure of the systems
by extending an RG approach in the following section.
We investigate the transport properties of the
quasiperiodic systems by means of the time evolution of a
wave packet |Υ(r0, t)〉 =
∑
r∈LΥr(r0, t) |r〉, which is con-
structed from the solutions Φr(t) of the time-dependent
Schro¨dinger equation H(r, t)Φr(t) = i~Φ˙r(t). The time-
dependent wave functions can be easily obtained via
the separation approach from the solutions of the time-
independent Schro¨dinger equation in Eq. (4) according
to Φs
r
(t) = Φs
r
e−iE
st. The wave packet is then repre-
sented as a superposition of these orthonormal eigen-
states Φs
r
(t),30 where we assume that it is initially lo-
calized at the position r0 of the quasiperiodic tiling, i.e.,
Υr(r0, t = 0) = δrr0 . Hence, with the completeness rela-
tion and normalized basis states the wave packet is de-
fined by
Υr(r0, t) =
∑
s
Φs
r0
Φs
r
e−iE
st . (5)
Besides calculating the expansion of the wave packet in
space, a more detailed analysis can be obtained by com-
puting the mean square displacement (also called width)
d(r0, t) =
[∑
r∈L
|r− r0|2 |Υr(t)|2
] 1
2
(6)
of the wave packet. The spreading of the width d(r0, t)
of the wave packet in an infinite system shows anomalous
diffusion for t → ∞ according to d(r0, t) ∝ tβ(r0), where
the scaling exponent β(r0) depends on the initial posi-
tion r0 of the wave packet.
7,9,27,31,32 The properties of
the electronic transport are governed by the wave-packet
dynamics averaged over different initial positions, that is,
we determine
d(t) = 〈d(r0, t)〉 ∝ tβ . (7)
Thereby, the scaling exponent β is related to the con-
ductivity σ via the generalized Drude formula for zero-
frequency conductivity7,33,34
σ ≃ e2̺(EF)ct2β−1sc . (8)
The quantity e denotes the elementary charge of an elec-
tron, ̺(EF) the density of states at the Fermi level EF, c
a constant, and tsc a characteristic time beyond which
propagation becomes diffusive due to scattering.31,33
Hence, β = 0 corresponds to the absence of diffusion, β =
1/2 to classical diffusion, and β = 1 to ballistic spreading.
For quasiperiodic structures one often observes anoma-
lous diffusion characterized by 0 < β < 1.12,14,27
Within the range of anomalous diffusion, the sub-
diffusive regime for β < 12 is most interesting because
in this case the conductivity σ in Eq. (8) decreases with
increasing scattering time tsc. This can be interpreted as
a system for which the particles are trapped due to quan-
tum interference phenomena and conductivity is mainly
caused by non-elastic collisions, where the collision rate
increases with decreasing scattering time tsc.
34 For β > 12
the reverse behavior can be observed, i.e., the conductiv-
ity decreases with increasing collision rate. We already
pointed out that various experiments for real quasicrys-
tals revealed an electronic transport in agreement to the
conductivity in the subdiffusive regime (β < 12 ).
7–9
The scaling behavior of the mean square displacement
d(t) is visualized for the silver-mean chain CAg in Fig.
2 for s = 1 and different coupling strengths w. The
results are averaged over 300 initial positions of the wave
packet around the center of the chain. We observe a
scaling behavior according to Eq. (7) over several orders
of magnitude till the width becomes constant due to finite
size effects. The corresponding scaling exponents β for
the average mean square displacement d(t) are shown in
Fig. 3 for different metallic-mean chains. Thereby, the
scaling exponents β steadily increase with the coupling
parameter w and the parameter b of the inflation rule.
In Fig. 2 the mean square displacement d(t) is also vi-
sualized for the two- and three-dimensional silver-mean
labyrinth tiling, where we averaged in two dimensions
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FIG. 2. Mean square displacement d(t) of a wave packet averaged over different initial positions for the silver-mean chain CAg11
(left), the two-dimensional labyrinth tiling LAg8 (center), and the three-dimensional labyrinth tiling L
3d,Ag
6 (right) for s = 1.
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FIG. 3. Scaling exponents β for the golden-mean (top) and
the silver-mean (bottom) systems in one, two, and three di-
mensions for s = 1. All results are averaged over different
initial positions of the wave packet.
over 50 and in three dimensions over 20 initial positions
of the wave packet due to the limitations of computing re-
sources. The results are qualitatively very similar to that
of the quasiperiodic chains and the scaling exponents in
Fig. 3 even show that the one-dimensional scaling expo-
nents β1d are nearly identical to the results for the two-
and three-dimensional labyrinth tiling.
IV. RG APPROACHES FOR GOLDEN- AND
SILVER-MEAN CHAINS
The structure and the dynamical properties of the
metallic-mean systems can be described by an RG ap-
proach, which is a mathematical apparatus for the sys-
tematical study of the changes of a physical system
viewed at different length scales. The general idea is that
a given system can be transformed (renormalized) in an
RG step in such a way that we obtain a new system with
a reduced number of degrees of freedom (i.e. sites and
bonds). We make use of the fact that the metallic-mean
chains contain for w = 0 only isolated sites (atoms) and
biatomic clusters (molecules) coupled by a strong bond as
visualized in Fig. 4. This yields three highly degenerate
energy levels: E = 0 for the atomic sites and E = ±s for
the bonding and antibonding states of the molecules.35
For non-zero parameters w one finds a coupling between
these isolated clusters, where the dominant contribution
occurs between sites of the same type.36 For w ≪ s also
the probability density of the wave functions is concen-
trated either on atomic or on molecular sites depending
on the energy E. For the Fibonacci chain CAu Niu and
Nori35 distinguished two possible RG approaches:
Atomic RG — The renormalized grid after one RG
5FIG. 4. Atomic RG (top) and molecular RG (bottom) for
the Fibonacci chain CAu: in the atomic RG all atomic sites
survive an RG step, and in the molecular RG all molecular
sites are replaced by a new site. The thick (thin) lines denote
the strong (weak) bonds.
step consists of the atomic sites of the original chain as
shown in Fig. 4. These new sites are then connected
by new strong and weak bonds. In particular, atoms
separated by one molecule in the original chain get con-
nected by a new strong bond and atoms separated by
two molecules in the original chain become connected by
a new weak bond (cf. also Fig. 11).
Molecular RG — In one RG step all molecular sites of
the original chain are replaced by new atomic sites (cf.
Fig. 4). Again the atoms in the renormalized grid can be
connected by new bonds, where the sites of neighboring
molecules are connected by a new strong bond and sites of
molecules separated by an atomic site become connected
by a new weak bond (cf. also Fig. 12).
Both RG schemes yield a new Fibonacci chain, which
is scaled in length and energy. Basically, the substitution
of a cluster of bonds by a new bond during an RG step
corresponds to the block diagonalization of the Hamilto-
nian of the original chain. This yields an effective Hamil-
tonian for the new chain containing the bond strengths
between the remaining sites.36 The derivation of the scal-
ing factors z for the new bond strengths as well as the
length scalings c under the application of one RG step
is described in detail in the Appendix A1 for the atomic
RG and Appendix A2 for the molecular RG approach.
For the silver-mean chain CAg we can apply the same
approach. In the atomic RG the renormalized grid again
consists of all atomic sites of the original chain (cf. Fig.
5). By appropriately assigning weak and strong bonds we
obtain a new silver-mean chain, which is scaled in length
and energy. However, the molecular RG approach for
the silver-mean chain is more complicated and requires
FIG. 5. Atomic RG (top) and molecular RG (bottom) for the
silver-mean chain CAg: in the atomic RG all atoms survive
and for the molecular RG all molecular sites are replaced by
a new site, which results in a new silver-mean chain only after
two steps.
a two-step process to yield a new silver-mean chain as
shown in Fig. 5. The new silver-mean chain contains then
all atomic sites which are located between two molecular
sites of the original chain. Details are presented in Ap-
pendix A3 for the atomic RG and Appendix A4 for the
molecular RG approach.
V. RG APPROACH FOR WAVE-PACKET
DYNAMICS IN METALLIC-MEAN CHAINS
The scaling exponent β of the mean square displace-
ment d(t) for the golden-mean and the silver-mean chain
in the regime of strong quasiperiodic modulations (w ≪
s) can be determined by an approach proposed by Abe
and Hiramoto21,22 and further refined by Pie´chon.23 It is
based on the idea that the time evolution of an initially
localized wave packet can be considered as the realiza-
tions of successive steps of the above described RG. In
particular, this leads to the following two transforma-
tions:
Length scaling — In one RG step the width d(t) of the
wave packet scales with the grid spacing c, i.e., d(t) →
d′(t)/c.
Time scaling — The time evolution of a wave packet is
governed by the hierarchic structure of the tiling, which
leads to the occurrence of hierarchic resonances on dif-
ferent time scales (cf. Fig. 7).22,24,37 Since for w≪ s the
energy scales of these resonances are very different, no
interference of electrons on different time scales is consid-
ered. Further, the scaling factor for the time t under one
RG step equals the inverse of the scaling factor z = 1/t of
the energy. The second factor is obtained by computing
the strengths of the new bonds of the different clusters
in the RG approach by applying Brillouin-Wigner (BW)
perturbation theory, as discussed in the appendix.
Therefor, from the scaling behavior d(t) ≃ d0tβ of the
mean square displacement according to Eq. (7), one can
derive the relation21,22
β ≃ ln c
ln z
. (9)
Abe and Hiramoto as well as Pie´chon presented only
results for the Fibonacci chain for the two cases of the
atomic RG and the molecular RG.21–23 In this section
we also derive an approximation of the scaling expo-
nent β for the silver-mean chain and show for the as-
sociated labyrinth tilings that the corresponding scaling
exponents approach the one-dimensional results in the
regime of strong quasiperiodic fluctuations. The analyti-
cal expressions are also compared with numerical results,
which show a very good agreement.
A. Fibonacci chain CAu
Using the results by Niu and Nori35,36 (cf. Appendix
A1), the energy scaling for the weak and the strong clus-
6ters in the atomic RG is z¯Au = w
2/s2. With the length
scaling catomAu = τ
−3
Au they obtained for β the expression
22
βatomAu ≃
3 ln τAu
2 ln sw
. (10)
For the molecular RG the energy scaling for the weak
and the strong clusters is zAu = w/2s and the length
scaling cmolAu = τ
−2
Au . This yields the scaling exponent
22
βmolAu ≃
2 ln τAu
ln sw + ln 2
. (11)
While the results by Abe and Hiramoto are based on a
quantitative argument, rigorous mathematical consider-
ations by Damanik38,39 showed that for a periodic chain
with a quasiperiodic potential (diagonal model) modu-
lated according to the Fibonacci sequence a very similar
relation can be found for w ≪ s. With the constants c1
and c2 this result is given by c1/ ln
s
w < β < c2/ ln
s
w .
In Fig. 6 both scaling exponents, βatomAu and β
mol
Au , are
compared with the numerical results of the scaling expo-
nent β of the mean square displacement d(t). While for
small coupling parameters w the results are very close
for both RG approaches, the molecular RG theory yields
significantly better results for the scaling exponent β for
larger values of w. This can be understood by the fact
that the dynamics of an initially localized wave packet
are actually governed by the atomic and the molecular
RG approach.22,23 The reason is that independently of
the original type (atomic or molecular site) of the ini-
tial position l0 of the wave packet after one RG step the
new initial site l′0 can be either an atomic or a molecular
site. Thus, the scaling exponent β of the mean square
displacement d(t) shown in Fig. 6 strongly depends on
the percentages patom and pmol of atoms and molecules
in the golden-mean chain. As the percentage pmol is sig-
nificantly higher, it is not surprising that the exponent
βmolAu shows a better agreement with the numerical data
for the exponent β. One can also determine a weighted
average of both scaling exponents, that is,
βAu = patomβ
atom
Au + pmolβ
mol
Au (12a)
Na→∞=
βatomAu + 2#s(CAua )
(
βmolAu − βatomAu
)
Na
(12b)
(2)
=
τAu − 1
τAu + 1
βatomAu +
2
τAu + 1
βmolAu . (12c)
A comparison of this expression with the numerical re-
sults in Fig. 6 shows a very good agreement for w ≪ s,
but for larger w the agreement is not as good as for βmolAu .
In the second case we have to keep in mind that we ap-
ply perturbation theory and the results are only valid for
w ≪ s. As the RG approach overestimates the results for
larger values of w, usually the lower of the two exponents,
βatomAu and β
mol
Au , yields the better results for w ≥ 0.3s.
It is also possible to determine the scaling exponents,
βatomAu and β
mol
Au , numerically. This is achieved by study-
ing wave packets which are initially localized at a position
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FIG. 6. Scaling exponent β of the mean square displacement
d(t) averaged over different initial positions in comparison
to the analytical results of the atomic and molecular RG ap-
proach for the golden-mean (top) and the silver-mean systems
(bottom) in one, two, and three dimensions for s = 1.
l0 that survives all atomic/molecular RG steps for an ap-
proximant of finite size. Using this method Hiramoto and
Abe found a good correspondence between the theoretical
and numerical results of the atomic RG for w < s/4.22
B. Silver-mean chain CAg
The derivations for the atomic RG approach in Ap-
pendix A3 lead for both types of clusters to an energy
scaling of z¯Ag = w/s. With the corresponding length
scaling catomAg = τ
−1
Ag we obtain the scaling exponent
βatomAg ≃
ln τAg
ln sw
. (13)
For the molecular RG the energy scaling for the weak
and strong cluster is different. In Appendix A4 we ob-
tain for the strong cluster zscAg = w
2/s2 and for the weak
cluster zwcAg < w
3/s3 for w ≪ s. On average we ex-
pect to obtain a superposition of the spreading caused
by both clusters. Using Eq. (2), which relates the num-
ber of strong and weak bonds/clusters in the silver-mean
7chain, we can derive an average energy scaling of
zAg =
1
Na
(
#s(Ca)zscAg +#w(Ca)zwcAg
)
(14a)
=
1
1 + τAg
w2
s2
+
τAg
1 + τAg
zwcAg . (14b)
With the length scaling of cmolAg = τ
−2
Ag we obtain for the
scaling exponent βmolAg the expression
βmolAg ≃
2 ln τAg
ln (1 + τAg)− ln
(
w2
s2 + τAgz
wc
Ag
) . (15)
In Fig. 6 the analytical expressions for the atomic
and the molecular RG are compared with the numer-
ical results. For the molecular RG we always plot a
range of possible scaling exponents βmolAg by choosing
zwcAg ∈ [0, w3/s3]. The results show that the scaling ex-
ponent βmolAg slightly underestimates the numerical values
for w ≪ s. In contrast, the analytical values βatomAg of the
atomic RG are significantly higher than the numerical
results. As already discussed for the golden-mean chain,
the exponent β depends on the initial position l0 of the
wave packet. For instance, Fig. 7 shows that an atomic
initial position l0 which remains an atomic site under the
RG transformation is well described by the atomic RG.
Hence, on average we expect to obtain a scaling expo-
nent β between the results predicted by the atomic and
the molecular RG. Using the percentages of atoms and
molecules in the silver-mean chain according to Eq. (2),
we obtain for the average scaling exponent
βAg ≃ τAg − 1
τAg + 1
βatomAg +
2
τAg + 1
βmolAg (16)
in correspondence with Eq. (12). This expression is vi-
sualized in Fig. 6 as well. The results show that the ana-
lytical values correspond to the numerical values within
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FIG. 7. Mean-square displacement d(l0 = 4040, t) for the
silver-mean chain CAg11 for w = 0.1 and s = 1. The initial site
l0 of the wave packet remains an atomic site for the first five
atomic RG steps. The slope is well described by βatom.
the error bars for w ≪ s. But again, the lower expo-
nent βmolAg shows a better agreement for larger w. Fur-
ther, by comparing the results for the golden-mean and
the silver-mean chain we find that the exponent βAg is
slightly larger than βAu in agreement with the numerical
results in Fig. 3.
Further, the repeating patterns of d(t) in Fig. 7 reflect
the hierarchic resonances of the wave packet dynamics on
different time scales. We can also determine the scaling
factor z directly from the distance of successive patterns.
In the case of the atomic RG for the silver-mean chain
for w = 0.1 and s = 1 the patterns are repeated in Fig.
7 after a factor of 10 on the time scale, which yields the
scaling factor z¯Ag = 1/10 for the energy and, thus, for
the bond strengths. This result agrees perfectly with the
theoretical result z¯ = w/s.
VI. RG THEORY FOR HIGHER DIMENSIONS
Like the one-dimensional systems, the labyrinth tilings
possess a hierarchical structure. In Fig. 8 we show the
corresponding atomic and the molecular RG approach
for the golden-mean labyrinth tiling LAu. In this tiling
we can identify three different clusters (strong, medium,
and weak) in correspondence to the three different bond
types. In general, the clusters of the RG in d dimen-
sions are given by the product of the corresponding one-
dimensional clusters due to the product structure of the
labyrinth tiling (cf. Figs. 15 to 20). Hence, the number of
different clusters depends on the number of bond types,
which in d dimensions is given by d+ 1.
The derivations of an analytical expression for the scal-
ing of the length and bonds strengths for the labyrinth
tiling follow the same way as before. As an example they
are described for the golden-mean labyrinth tiling LAu in
the Appendices B 1 and B 2. In two dimensions we obtain
a grid scaling of catom,2dAu = τ
−6
Au for the atomic RG and
cmol,2dAu = τ
−4
Au for the molecular RG. With the BW per-
turbation theory we determine the new bond strengths,
where we obtain a qualitatively different result for the
atomic and the molecular RG.
For the atomic RG the scaling factor for the bond
strength is z¯2dAu = (z¯Au)
2
= w4/s4. Plugging this into
Eq. (9) we obtain the same analytical expression as in
one dimension, i.e., Eq. (10). This result is not surprising
because the scaling factors for the grid spacing and the
bond strengths are the squares of the one-dimensional
results, which cancel each other according to Eq. (9).
Since the dominant coupling between the edge sites of a
d-dimensional cluster originates from the bonds along its
diagonal and the couplings along this diagonal are the
products of the coupling strengths of d one-dimensional
clusters (cf. Figs. 15 to 17), for the atomic RG in d di-
mensions the scaling factor for the bond strengths and,
hence, the energies is z¯d.
Although the structure of the clusters is very similar
for the molecular RG, the result is somewhat different
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FIG. 8. Strong (black lines), medium (dark gray lines), and weak (light gray lines) clusters for the atomic RG (left) and the
molecular RG (center) for the golden-mean labyrinth tiling LAg. Sites of the renormalized grid are shown in black and sites
belonging to more than one cluster in white. In the right panel we show a part of the golden-mean labyrinth tiling LAu which
after one atomic RG step results in the strong cluster in the left panel.
than the one-dimensional exponent in Eq. (11). The
derivations in Appendix B2 yield a scaling of z2dAu =
2 (zAu)
2 = w2/2s2 with an additional factor of 2 originat-
ing from the normalization condition. Hence, we obtain
βmol,2dAu ≃
2 ln τAu
ln sw +
1
2 ln 2
. (17)
For very small coupling parameters w → 0 the first term
of the denominator dominates and this expression ap-
proaches the one-dimensional result in Eq. (11). We plot
this function in Fig. 9 and find that it is greater than
the one-dimensional results of the molecular RG for all
considered values of w. For the average scaling behavior
we have to consider the contributions of both RG ap-
proaches according to Eqs. (10) and (17). By calculating
the percentages of atoms and molecules, we obtain the
average scaling exponent
β2dAu = p
2d
atomβ
atom,2d
Au + p
2d
molβ
mol,2d
Au (18a)
(2)
= βatom,2dAu +
2
(
βmol,2dAu − βatom,2dAu
)
(τAu + 1)
2 . (18b)
The result for the three-dimensional labyrinth tiling
L3d,Au follows in the same way. We already pointed
out that the atomic RG approach yields the same ex-
ponent in every dimension (cf. Eq. (10)). Due to the
normalization condition we obtain in the molecular RG
an additional factor of 4, which yields the scaling fac-
tor z3dAu = 4 (zAu)
3
= w3/2s3. Hence, with cmol,3dAu =
τ−6Au the analytical expression for the molecular RG is
βmol,3dAu ≃ (2 ln τAu) /
(
ln(s/w) + 13 ln 2
)
. This yields the
average scaling exponent
β3dAu
(2)
= βatom,3dAu +
2
(
βmol,3dAu − βatom,3dAu
)
(τAu + 1)
3 . (19)
In Fig. 9 we compare the numerical and the analyti-
cal results for the average scaling exponent βAu for the
golden-mean labyrinth tilings. Within the error bounds
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9
 1
 1  2  3  4  5  6  7  8  9  10
sc
a
lin
g 
ex
po
ne
nt
 β
inverse coupling strength 1/w
d = 2
d = 3
atomic RG
molecular RG 2D
molecular RG 3D
average RG 1D
average RG 2D
average RG 3D
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9
 1
 1  2  3  4  5  6  7  8  9  10
sc
a
lin
g 
ex
po
ne
nt
 β
inverse coupling strength 1/w
d = 2
d = 3
atomic RG
molecular RG 2D
average RG 1D
average RG 2D
FIG. 9. Scaling exponent β of the mean square displacement
d(t) averaged over different initial positions in comparison to
the analytical results of the atomic and molecular RG ap-
proach for the golden-mean labyrinth tiling LAu (top) and
the silver-mean labyrinth tiling LAg (bottom) for s = 1.
9we find a good correspondence in the regime of strong
quasiperiodic modulation. Further, although the analyt-
ical expressions for the scaling exponent βAu in different
dimensions are quite different, we see that they approach
each other for w≪ s. This is also in good agreement with
the numerical data in Fig. 3, which show no significant
differences in one, two, and three dimensions.
Also for the silver-mean labyrinth tiling LAg we can
apply the atomic and molecular RG. Like for the golden-
mean labyrinth tiling we find three types of clusters in
two dimensions, which are visualized in Fig. 10. Again,
we have to distinguish between the atomic and the molec-
ular RG approach. For the atomic RG the scaling fac-
tors of the length as well as the bond strengths are the
squares of the one-dimensional results, which yields the
same analytical expression for β (cf. Eq. (13)) as in one
dimension.
For the molecular RG we have to carefully adapt the
RG approach because the scaling factors of the energies
are not identical for the different types of clusters. Hence,
we explicitly have to determine the new average scaling
factor zAg (cf. Eq. (14)). The scaling factors for the clus-
ters are given as the product of the one-dimensional re-
sults, which yields for the strong, medium, and weak clus-
ters of the two-dimensional labyrinth tiling the factors
zsc,2dAg = w
4/s4, zmc,2dAg = z
wc
Agw
2/s2, and zwc,2dAg =
(
zwcAg
)2
,
respectively. By considering the percentage of each of
these clusters in the labyrinth tiling, we obtain the aver-
age scaling factor
zAg =
1
N2a
(#s(Ca))2 zsc,2dAg +
2
N2a
#s(Ca)#w(Ca)zmc,2dAg
+
1
N2a
(#w(Ca))2 zwc,2dAg (20a)
=
1
(1 + τAg)
2
(
w2
s2
+ τAgz
wc
Ag
)2
. (20b)
According to Eq. (9) this yields the same scaling expo-
nent as for the one-dimensional system (cf. Eq. (15)).
The average scaling exponent βAg follows then from Eq.
(18) by replacing the quantities for the golden-mean
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FIG. 10. Strong (black lines), medium (dark gray lines), and
weak (light gray lines) clusters for the atomic RG (left) and
the molecular RG (right) for the silver-mean labyrinth tiling
L
Ag. Sites of the renormalized grid are shown in black.
labyrinth tiling with that of the silver-mean labyrinth
tiling. Since we only know the upper bound of the
scaling factor of the weak cluster in one dimension (i.e.
zwcAg ∈ [0, w3/s3]), the analytical expressions again de-
scribe a range of possible exponents. A comparison with
the numerical results in Fig. 9 shows that the final scal-
ing exponent is very close to that of the atomic RG
and, hence, overestimates the actual results. Rather, the
molecular RG works better than the average. By per-
forming the same calculations also for three dimensions,
we obtain that the scaling exponent β3dAg is even closer to
the scaling exponent of the atomic RG. Hence, we would
expect that also the numerical results for β approach the
analytical expression for βatomAg in Eq. (13) with increas-
ing dimensionality. However, we do not observe such
a behavior. A possible explanation for these discrepan-
cies could be that determining an average scaling factor
for the bond strength in the molecular RG according to
Eq. (20) from the energy scalings of the different clus-
ter types does not adequately display the dynamical be-
havior. At least, the numerical and analytical results
approach each other with increasing quasiperiodic mod-
ulation, and we find a correspondence for w = 0.1 within
the error bounds.
VII. CONCLUSION
We have studied the quantum diffusion in quasiperi-
odic systems in one, two, and three dimensions by in-
vestigating the time evolution of wave packets. By nu-
merical calculations of the scaling behavior of the mean
square displacement d(t) of a wave packet we have ob-
served the occurrence of anomalous transport for all cou-
pling strengths w ∈ (0, s) and that the scaling exponents
β are more or less independent of the dimension.
Further, we have extended an RG method, originally
proposed by Abe and Hiramoto for the golden-mean
chain to obtain an analytical expression also for the
scaling exponent β of the silver-mean chain. With the
same method we have been able to show that the scal-
ing exponents βdd of the labyrinth tilings approach the
one-dimensional scaling exponents β1d for the golden-
mean and the silver-mean system in the regime of strong
quasiperiodic modulation (w ≪ s). The analytical re-
sults are also in good agreement to our numerical results.
Although properties like the structure of the energy
spectrum strongly depend on the dimensionality, these
derivations also showed that the product structure is an
essential reason for the rather similar scaling exponents
β in different dimensions. Hence, further research of the
transport properties is needed especially with a focus on
non-separable tilings. Nevertheless, we have been able to
draw a connection between the structure of the quasiperi-
odic systems and their transport properties with the RG
approach. We found that for strong quasiperiodic mod-
ulations the wave-packet dynamics are governed by the
hierarchical structure of the quasiperiodic systems lead-
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ing to the occurrence of hierarchic resonances on different
time scales.
Additionally, for w ≪ s the numerical and analytical
results for the exponent β show the occurrence of sub-
diffusive wave-packet dynamics (β < 1/2). According to
the generalized Drude equation this leads to a decrease
of the conductivity with increasing structural order as
it is observed in real quasicrystals.7,8 Hence, labyrinth
tilings can be useful models to study the characteristics
of higher-dimensional quasiperiodic systems efficiently by
numerical methods and also analytically.
Appendix A: Renormalization of lengths and
energies of quasiperiodic systems
This section comprises the results for the scaling of
lengths and energies in the RG approach introduced by
Niu and Nori.35,36 Although the scaling factors have been
derived for the Fibonacci chain before,21,22 we will briefly
sketch the calculation for the atomic RG and mention
the results for the molecular RG because we make use of
them also for the octonacco chain. Further, it allows us
to compare the results for different dimensions.
1. Fibonacci chain CAu — Atomic RG
In the atomic RG approach for the Fibonacci chain
the renormalized grid after one RG step consists of the
atomic sites of the original chain (cf. Fig. 4), which leads
to a scaling of the bonds according to the substitution
rule in Fig. 11. The scaling of the grid spacing is given
by the substitution matrix40 of the corresponding RG ex-
pansion (PatomAu )−1, which relates the number of symbols
w and s in successive RG steps:
R
(
(PatomAu )−1
)
=
(
#w(ww) #s(ww)
#w(ws) #s(ws)
)
=
(
3 2
2 1
)
.
(A1)
Patom
Au
=
{
|1〉 |2〉 |3〉 |4〉
w2/s
|Ψ1〉 |Ψ2〉
|1〉 |2〉 |3〉 |4〉 |5〉 |6〉
w3/s2
|Ψ1〉 |Ψ2〉
FIG. 11. Substitution rule PatomAu of the atomic RG for the Fi-
bonacci chain CAu shown in Fig. 4 (top) with the energy scal-
ing for the strong cluster (left) and the weak cluster (right).
The Perron-Frobenius eigenvalue λFr of this matrix cor-
responds to the inverse of the scaling factor catomAu of the
grid spacing, i.e.,
det(R − λI) = λ2 − 4λ− 1 != 0
=⇒ catomAu =
1
λFr
=
1
2 +
√
5
= τ−3Au . (A2)
The scaling of the new bond strengths is calculated by
Brillouin-Wigner (BW) perturbation theory for each of
the two substitution clusters in Fig. 11. For the metallic-
mean systems the coupling parameter w is treated as a
perturbation. Hence, the Hamiltonian H = H0 +H1 is
decomposed into a Hamiltonian H0(w = 0) of the unper-
turbed system and a perturbation H1 = H−H0(w = 0).
The approach is described in detail by Niu and Nori.36
a. Energy scaling for strong cluster
The Hamiltonian of the strong cluster in Fig. 11 is
H = H0 +H1 =
0 0 0 00 0 s 00 s 0 0
0 0 0 0
+
0 w 0 0w 0 0 00 0 0 w
0 0 w 0
 . (A3)
Solving the Schro¨dinger equation for the unperturbed
Hamiltonian H0 yields the wave functions |Ψ1〉 = |1〉,
|Ψ2〉 = |4〉, and |Ψ±3 〉 = 1√2 (|2〉 ± |3〉) with their corre-
sponding energy values E1/2 = 0, and E
±
3 = ±s.
The strength s′ of the new bond is given by the ma-
trix element 〈Ψ1|H |Ψ2〉, where only the leading non-zero
term of the perturbation expansion is relevant. The BW
perturbation theory yields no contribution in the first
order because 〈Ψ1|H1 |Ψ2〉 = 0. In the second order we
obtain a new coupling strength of
〈Ψ1|H1P 1
E −H0PH1 |Ψ2〉 (A4a)
= 〈Ψ1|H1 |Ψ+3 〉
1
E1 − E+3
〈Ψ+3 |H1 |Ψ2〉+
〈Ψ1|H1 |Ψ−3 〉
1
E1 − E−3
〈Ψ−3 |H1 |Ψ2〉 (A4b)
= 2
w√
2
−w√
2s
= −w
2
s
(A4c)
=⇒ s′ = w
2
s
=
w2
s2
s . (A4d)
Here, P denotes the projection operator out of the sub-
space for a given g-times degenerate eigenstate Ψi with
the energy Ei of H0, i.e., for the strong cluster it is given
by P = |Ψ+3 〉 〈Ψ+3 |+ |Ψ−3 〉 〈Ψ−3 |.
b. Energy scaling for weak cluster
Analogously this approach is applied to the weak clus-
ter. The Hamiltonian H0 yields the atomic wave func-
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tions |Ψ1〉 = |1〉, |Ψ2〉 = |6〉 with the energy E1/2 =
0 as well as the molecular wave functions |Ψ±3 〉 =
1√
2
(|2〉 ± |3〉) and |Ψ±4 〉 = 1√2 (|4〉 ± |5〉) with the ener-
gies E±3/4 = ±s.
The strength w′ of the new bond is again given by
the matrix element 〈Ψ1|H |Ψ2〉. We obtain no contribu-
tion in the first order expansion due to 〈Ψ1|H1 |Ψ2〉 = 0
and with the projection operator P = |Ψ+3 〉 〈Ψ+3 | +
|Ψ−3 〉 〈Ψ−3 | + |Ψ+4 〉 〈Ψ+4 | + |Ψ−4 〉 〈Ψ−4 | also the second or-
der term vanishes, 〈Ψ1|H1P 1E−H0PH1 |Ψ2〉 = 0. In the
third order we have four non-zero terms:
〈Ψ1|H1P 1
E −H0PH1P
1
E −H0PH1 |Ψ2〉 (A5a)
=
∑
〈Ψ1|H1 |Ψ±3 〉
1
E1 − E±3
〈Ψ±3 |H1 |Ψ±4 〉
1
E1 − E±4
〈Ψ±4 |H1 |Ψ2〉 (A5b)
= 4
w√
2
−w
2s
−w√
2s
=
w3
s2
(A5c)
=⇒ w′ = w
3
s2
=
w2
s2
w . (A5d)
Hence, for the atomic RG of the Fibonacci chain the
scaling of the bond strength of both clusters and, thus,
the scaling of the energy is given by z¯Au = w
2/s2.
2. Fibonacci chain CAu — Molecular RG
In the molecular RG of the Fibonacci chain all molecu-
lar sites of the original chain are replaced by new atomic
sites as shown in Fig. 4, which leads to a scaling of the
bonds according to the substitution rule PmolAu in Fig. 12.
The scaling factor cmolAu of the grid spacing is again deter-
mined by the substitution matrix
R
((PmolAu )−1) = (2 11 1
)
, (A6)
which results in
cmolAu =
1
λFr
=
2
3 +
√
5
= τ−2Au . (A7)
The scaling factors for the new bonds of the two sub-
stitution clusters in Figs. 12 follow by BW perturbation
theory. The derivations are described in detail by Niu
und Nori36 and yield
s′ =
w
2
=
w
2s
s (A8a)
w′ =
w2
2s
=
w
2s
w . (A8b)
This corresponds to an energy scaling zAu = w/2s.
Pmol
Au
=
{
|1〉 |2〉 |3〉 |4〉
w/2
|Ψ1〉 |Ψ2〉
|1〉 |2〉 |3〉 |4〉 |5〉
w2/2s
|Ψ1〉 |Ψ2〉
FIG. 12. Substitution rule PmolAu of the molecular RG for the
Fibonacci chain CAu in Fig. 4 (top) with the energy scaling
for the strong cluster (left) and the weak cluster (right).
3. Octonacci chain CAg — Atomic RG
Like in the atomic RG approach for the Fibonacci
chain, here only atomic sites survive during an RG step
as shown in Fig. 5. The corresponding substitution rule
and the scaling of the clusters are shown in Fig. 13. The
substitution matrix is now given by
R
((PatomAg )−1) = (2 11 0
)
, (A9)
and thus the grid spacing scales with
catomAg =
1
λFr
=
1
1 +
√
2
= τ−1Ag . (A10)
The bond strength for the strong cluster is very simple,
and for the weak cluster (cf. Fig. 13) we already derived
its strength in Eq. (A4) while studying the strong cluster
in the atomic RG of the Fibonacci chain (cf. Fig. 11),
i.e.,
s′ = w =
w
s
s (A11a)
w′ =
w2
s
=
w
s
w . (A11b)
PatomAg =
{
|1〉 |2〉
w
|Ψ1〉 |Ψ2〉
|1〉 |2〉 |3〉 |4〉
w2/s
|Ψ1〉 |Ψ2〉
FIG. 13. Substitution rule PatomAg of the atomic RG for the
silver-mean chain CAg in Fig. 5 (top) with the energy scaling
for the strong cluster (left) and the weak cluster (right).
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Hence, we obtain an energy scaling z¯Ag = w/s.
4. Octonacci chain CAg — Molecular RG
Applying the molecular RG to the silver-mean chain
CAg leads to some challenges because two RG steps are
needed to obtain a new silver-mean chain (cf. Fig. 5). The
substitution matrix of the corresponding RG expansion
(cf. Fig. 14) is given by
R
((PmolAg )−1) = (5 22 1
)
, (A12)
and we obtain a scaling of the grid spacing of
cmolAg =
1
λFr
=
1
3 + 2
√
2
= τ−2Ag . (A13)
The scaling of the bond strengths is again calculated us-
ing the BW perturbation theory for each of the two sub-
stitution clusters in Fig. 14.
a. Energy scaling for strong cluster
Here, we have the same substitution rule as for the
strong cluster in the atomic RG theory for the Fibonacci
chain (cf. Fig. 11), that is, we get
s′ =
w2
s
=
w2
s2
s (A14)
This results in an energy scaling of zscAg = w
2/s2 for the
strong cluster.
b. Energy scaling for weak cluster
The computation of the strength of the new weak bond
turns out to be rather complicated. The reason is that
we cannot apply the method used so far because the edge
PmolAg =
{
|1〉 |2〉 |3〉 |4〉
w2/s
|Ψ1〉 |Ψ2〉
|1〉 |2〉 |3〉 |4〉 |5〉 |6〉 |7〉 |8〉
< w4/s3
|Ψ1〉 |Ψ2〉
FIG. 14. Substitution rule PmolAg of the molecular RG for the
silver-mean chain CAg in Fig. 5 (top) with the energy scaling
for the strong cluster (left) and the weak cluster (right).
sites of the cluster and some of the inner sites belong
to the same subspace. Hence, we have to resolve this
degeneracy first to compute the new Hamiltonian matrix
elements. However, the new set of wave functions shows
already a coupling of the edge sites of the cluster so that
we do not obtain information about the energy scaling of
the bonds.
However, we can obtain an upper bound replacing
the central weak bond of the weak cluster by a strong
bond. For this modified cluster we can apply the RG
approach. In particular, we obtain for the Hamilto-
nian H0 of the modified cluster the atomic eigenstates
|Ψ1〉 = |1〉, |Ψ2〉 = |8〉 with E1/2 = 0 and the molecular
eigenstates |Ψ±3 〉 = 1√2 (|2〉 ± |3〉), |Ψ
±
4 〉 = 1√2 (|4〉 ± |5〉),
|Ψ±5 〉 = 1√2 (|6〉 ± |7〉) with E
±
3−5 = ±s.
The leading non-zero contribution occurs only in the
fourth order of the perturbation expansion:
〈Ψ1|H1(P 1
E −H0PH1)
3 |Ψ2〉 (A15a)
=
∑
〈Ψ1|H1 |Ψ±3 〉
1
E1 − E±3
〈Ψ±3 |H1 |Ψ±4 〉
1
E1 − E±4
〈Ψ±4 |H1 |Ψ±5 〉
1
E1 − E±5
〈Ψ±5 |H1 |Ψ2〉 (A15b)
= 8
w√
2
(−w
2s
)2 −w√
2s
= −w
4
s3
(A15c)
=⇒ w′ = w
3
s3
w . (A15d)
This new cluster possesses a larger coupling between
the edge states than the original cluster shown in Fig.
14. Hence, the corresponding scaling factor provides an
upper bound for the scaling factor of the weak cluster
with zwcAg < w
3/s3.
Appendix B: Renormalization of Lengths and
Energies for the Golden-Mean Labyrinth LAu
1. Atomic RG
For the labyrinth tiling we use the same technique as
for the quasiperiodic chains. For the atomic RG the
renormalized labyrinth tiling contains only the atomic
sites of the original tiling as shown in Fig. 8 for the
golden-mean labyrinth tiling LAu. In two dimensions we
obtain three types of clusters. The corresponding sub-
stitution rules for the strong, medium, and weak cluster
are shown in Figs. 15, 16, and 17. The scaling of the
grid spacing c can be easily obtained from the scaling
N ′a → cNa of the one-dimensional system size. Thus, we
obtain in d dimensions
V ′a =
1
2d−1
(N ′a)
d
=
1
2d−1
cdNda = c
dVa . (B1)
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Hence, for the atomic RG in two dimensions the scaling
of the grid spacing is
catom,2dAu = τ
−6
Au . (B2)
a. Energy scaling for strong cluster
We assign each vertex (l,m) of the two-dimensional
clusters a unique index r = ⌈ l2⌉ + ⌈(m− 1) f2 ⌉, where f
is the length of the underlying one-dimensional cluster.
This corresponds to the row-wise assignment of succes-
sive indices beginning from the lower left corner to the
upper right corner. With this mapping we can write the
wave functions as a vector and the Hamiltonian of the
strong cluster of the RG is given by
H =

0 0 w2 0 0 0 0 0
0 0 sw w2 0 0 0 0
w2 sw 0 0 sw s2 0 0
0 w2 0 0 0 sw 0 0
0 0 sw 0 0 0 w2 0
0 0 s2 sw 0 0 sw w2
0 0 0 0 w2 sw 0 0
0 0 0 0 0 w2 0 0

. (B3)
The corresponding HamiltonianH0 yields the normalized
wave functions |Ψ1〉 = |1〉, |Ψ2〉 = |2〉, |Ψ3〉 = |4〉, |Ψ4〉 =
|5〉, |Ψ5〉 = |7〉, |Ψ6〉 = |8〉, and |Ψ±7 〉 = 1√2 (|3〉 ± |6〉)
with the energy values E1−6 = 0 and E±7 = ±s2.
The strength of the new bond is given by the matrix
element 〈Ψ1|H |Ψ6〉. In analogy to the one-dimensional
case, the first order contribution is 〈Ψ1|H1 |Ψ6〉 = 0,
and the second order contribution yields with P =
|Ψ+7 〉 〈Ψ+7 |+ |Ψ−7 〉 〈Ψ−7 | the non-zero term
〈Ψ1|H1P 1
E −H0PH1 |Ψ6〉 (B4a)
= 〈Ψ1|H1 |Ψ+7 〉
1
E1 − E+7
〈Ψ+7 |H1 |Ψ6〉+
〈Ψ1|H1 |Ψ−7 〉
1
E1 − E−7
〈Ψ−7 |H1 |Ψ6〉 (B4b)
= 2
w2√
2
w2
−√2s2 = −
w4
s2
(B4c)
=⇒ (s′)2 = w
4
s2
=
w4
s4
s2 . (B4d)
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FIG. 15. Substitution rule for the strong cluster in the atomic
RG approach of the golden-mean labyrinth tiling LAu.
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FIG. 16. Substitution rule for the medium cluster in the
atomic RG approach of the golden-mean labyrinth tiling LAu.
b. Energy scaling for medium cluster
For the cluster of medium strength we use the same
approach. The Hamiltonian again contains all couplings
as shown in Fig. 16 and the eigenstates of H0 are |Ψ1〉 =
|1〉, |Ψ2〉 = |2〉, |Ψ3〉 = |3〉, |Ψ4〉 = |6〉, |Ψ5〉 = |7〉, |Ψ6〉 =
|10〉, |Ψ7〉 = |11〉, |Ψ8〉 = |12〉 with E1−8 = 0 and |Ψ±9 〉 =
1√
2
(|4〉 ± |8〉), |Ψ±10〉 = 1√2 (|5〉 ± |9〉) with E
±
9/10 = ±s2.
The new bond strength of the medium cluster is given
by the matrix element 〈Ψ1|H |Ψ8〉. Thus, there is no
contribution in the first and the second order expansion.
In the third order we have four contributing terms:
〈Ψ1|H1P 1
E −H0PH1P
1
E −H0PH1 |Ψ8〉 (B5a)
=
∑
〈Ψ1|H1 |Ψ±9 〉
1
E1 − E±9
〈Ψ±9 |H1 |Ψ±10〉
1
E1 − E±10
〈Ψ±10|H1 |Ψ8〉 (B5b)
= 4
w2√
2
ws
−2s2
w2
−√2s2 =
w5
s3
(B5c)
=⇒ w′s′ = w
5
s3
=
w4
s4
ws (B5d)
c. Energy scaling for weak cluster
For the weak cluster the Hamiltonian again contains
all coupling strengths as shown in Fig. 17. The Hamilto-
nian H0 yields the atomic wave functions |Ψ1〉 = |1〉,
|Ψ2〉 = |2〉, |Ψ3〉 = |3〉, |Ψ4〉 = |6〉, |Ψ5〉 = |7〉,
|Ψ6〉 = |12〉, |Ψ7〉 = |13〉, |Ψ8〉 = |16〉, |Ψ9〉 = |17〉, and
|Ψ10〉 = |18〉 with an energy value E1−10 = 0 as well
as the molecular wave functions |Ψ±11〉 = 1√2 (|4〉 ± |8〉),
|Ψ±12〉 = 1√2 (|5〉 ± |9〉), |Ψ
±
13〉 = 1√2 (|10〉 ± |14〉), and
|Ψ±14〉 = 1√2 (|11〉 ± |15〉) with energies E
±
11−14 = ±s2.
The strength of the new bond for the weak cluster is
given by the matrix element 〈Ψ1|H |Ψ10〉. As for the
medium cluster we obtain no contribution in the first
and the second order expansion. In the third order we
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FIG. 17. Substitution rule for the weak cluster in the atomic
RG approach of the golden-mean labyrinth tiling LAu.
have four contributing terms:
〈Ψ1|H1P 1
E −H0PH1P
1
E −H0PH1 |Ψ10〉 (B6a)
=
∑
〈Ψ1|H1 |Ψ±11〉
1
E1 − E±11
〈Ψ±11|H1 |Ψ±14〉
1
E1 − E±14
〈Ψ±14|H1 |Ψ10〉 (B6b)
= 4
w2√
2
w2
−2s2
w2
−√2s2 =
w6
s4
(B6c)
=⇒ (w′)2 = w
6
s4
=
w4
s4
w2 (B6d)
Hence, for the atomic RG of the golden-mean labyrinth
tiling the scaling of the bond strengths for all three clus-
ters is given by z¯2dAu = (z¯Au)
2
= w4/s4.
2. Molecular RG
Also in the molecular RG of the golden-mean labyrinth
tiling three types of clusters occur (cf. Fig. 8). The corre-
sponding substitution rules for the strong, medium, and
weak clusters are shown in Figs. 18, 19, and 20, respec-
tively. Again, the length scaling in two dimensions fol-
lows from Eq. (B1) as
cmol,2dAu = τ
−4
Au . (B7)
a. Energy scaling for strong cluster
The Hamiltonian of the strong cluster of the molecular
RG contains all coupling strengths shown in Fig. 18, and
the HamiltonianH0 yields the four molecular eigenstates
|Ψ±1 〉 = 1√2 (|1〉 ± |3〉), |Ψ
±
2 〉 = 1√2 (|2〉 ± |4〉), |Ψ
±
3 〉 =
1√
2
(|5〉 ± |7〉), and |Ψ±4 〉 = 1√2 (|6〉 ± |8〉) with E± = ±s2.
The new bond strength for the bonding state is
given by the matrix element 〈Ψ+1 |H |Ψ+4 〉, where only
the leading non-zero term of the perturbation expan-
sion is relevant. The BW perturbation theory already
yields a contribution in the first order expansion with
s sw
s
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2
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w/2
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FIG. 18. Substitution rule for the strong cluster in the molec-
ular RG approach for the golden-mean labyrinth tiling LAu.
〈Ψ+1 |H1 |Ψ+4 〉 = w2/2. Hence, the scaling of the energies
of this cluster is given by (s′)2 =
(
w2/2s2
)
s2.
b. Energy scaling for medium cluster
The Hamiltonian for the medium cluster contains all
coupling strengths as shown in Fig. 19. The eigenstates
of H0 are |Ψ1〉 = |2〉, |Ψ2〉 = |7〉 with E1/2 = 0 and
|Ψ±3 〉 = 1√2 (|1〉 ± |4〉), |Ψ
±
4 〉 = 1√2 (|3〉 ± |5〉), |Ψ
±
5 〉 =
1√
2
(|6〉 ± |9〉), |Ψ±6 〉 = 1√2 (|8〉 ± |10〉) with E
±
3−6 = ±s2.
The strength of the new bond for the bonding state
is given by the matrix element 〈Ψ+3 |H |Ψ+6 〉. The BW
perturbation theory yields no first order contribution be-
cause 〈Ψ±3 |H1 |Ψ±6 〉 = 0 and the second order contribu-
tion for the bonding state is given by
〈Ψ+3 |H1P
1
E −H0PH1 |Ψ
+
6 〉 (B8a)
= 〈Ψ+3 |H1 |Ψ2〉
1
E+3 − E2
〈Ψ2|H1 |Ψ+6 〉 (B8b)
=
w2√
2
1
s2
ws√
2
=
w3
2s
(B8c)
=⇒ w′s′ = w
3
2s
=
w2
2s2
ws . (B8d)
c. Energy scaling for weak cluster
For the weak cluster the Hamiltonian again contains
all coupling strengths as shown in Fig. 20. The Hamilto-
nian H0 yields the atomic states |Ψ1〉 = |2〉, |Ψ2〉 = |6〉,
s sw w
s
s
w w
2
w
s
|1〉 |2〉 |3〉
|4〉 |5〉
|6〉 |7〉 |8〉
|9〉 |10〉
w2/2s
w/2 w
3 /2
s
FIG. 19. Substitution rule for the medium cluster in the
molecular RG for the golden-mean labyrinth tiling LAu.
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|Ψ3〉 = |7〉, |Ψ4〉 = |8〉 and |Ψ5〉 = |12〉 with E = 0 as well
as the molecular wave functions |Ψ±6 〉 = 1√2 (|1〉 ± |4〉),
|Ψ±7 〉 = 1√2 (|3〉 ± |5〉), |Ψ
±
8 〉 = 1√2 (|9〉 ± |11〉), and
|Ψ±9 〉 = 1√2 (|10〉 ± |13〉) with the energies E± = ±s2.
The new bond strength for the bonding state follows
from the leading non-zero term of the perturbation ex-
pansion of 〈Ψ+6 |H |Ψ+9 〉. The BW perturbation theory
yields no first order contribution (〈Ψ+6 |H1 |Ψ+9 〉 = 0) and
the second order contribution is given by
〈Ψ+6 |H1P
1
E −H0PH1 |Ψ
+
9 〉 (B9a)
= 〈Ψ+6 |H1 |Ψ3〉
1
E+6 − E3
〈Ψ3|H1 |Ψ+9 〉 (B9b)
=
w2√
2
1
s2
w2√
2
=
w4
2s2
(B9c)
=⇒ (w′)2 = w
4
2s2
=
w2
2s2
w2 . (B9d)
Hence, the molecular RG yields for all three types of
clusters the scaling factor z2dAu = w
2/2s2.
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FIG. 20. Substitution rule for the weak cluster in the molec-
ular RG approach for the golden-mean labyrinth tiling LAu.
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